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Abstract
A necessary condition for the existence of a triplewhist tournament TWh(v) is v ≡ 0 or
1 (mod 4); this condition is known to be sufficient except for v = 5, 9, 12, 13 and possibly
v = 17, 57, 65, 69, 77, 85, 93, 117, 129, 153. In this paper, we remove all the possible exceptions
except v = 17. This provides an almost complete solution for the more than 100 year old problem
on the existence of triplewhist tournaments TWh(v). By applying frame constructions and product
constructions, several new infinite classes of Z-cyclic triplewhist tournaments are also obtained. A
couple of new cyclic difference matrices are also obtained.
© 2004 Elsevier Ltd. All rights reserved.
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1. Introduction
A triplewhist tournament TWh(v) for v = 4n (or 4n+1) players is a schedule of games
(a, b, c, d), where the unordered pairs {a, c}, {b, d} are called partners, the pairs {a, b},
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{c, d} opponents of the first kind, and the pairs {a, d}, {b, c} opponents of the second kind,
such that
(1) the games are arranged into 4n − 1 (or 4n + 1) rounds, each of n games;
(2) each player plays in exactly one game in each round (or all rounds but one);
(3) each player partners every other player exactly once;
(4) each player has every other player as an opponent of the first kind exactly once, and
that of the second kind exactly once.
A TWh(4n + 1) is Z -cyclic if the players are the elements of Z4n+1 and round j + 1
is obtained from round j by adding 1 (mod 4n + 1) to each element. A TWh(4n) is
Z -cyclic if the players are the elements of Z4n−1 ∪ {∞} and the rounds are similarly
cyclically generated (∞ + 1 = ∞). Thus a Z -cyclic TWh(4n) is a 1-rotational design.
By convention, in a Z -cyclic TWh(4n + 1), 0 is missing from the initial round.
The triplewhist tournament problem was first introduced by Moore [20] in 1896. For
a long time there was no progress until Baker [7] proved in 1975 that a TWh(v) exists
for v = 4, 8, 16, 24 and for all large v, v ≡ 1 (mod 4) and v ≡ 0, 4, 12 (mod 16). In
1997, much progress was made by Lu and Zhu in [19]. They proved that the necessary
condition for the existence of a TWh(v), namely v ≡ 0 or 1 (mod 4), is also sufficient with
2 definite exceptions, namely v = 5, 9, as well as 15 possible exceptions, namely v ∈
{12, 56} ∪ {13, 17, 45, 57, 65, 69, 77, 85, 93, 117, 129, 133, 153}. Recent improvements
were made by Ge and Zhu in [17] and Ge and Lam [15]. We summarize the known results
for TWh(v) in the following theorem.
Theorem 1.1 ([19,17,15]). A TWh(v) exists if and only if v ≡ 0 or 1 (mod 4) is a
positive integer, except for v = 5, 9, 12, 13 and possibly excepting v ∈ {17, 57, 65, 69,
77, 85, 93, 117, 129, 153}.
In this paper, we shall continue the investigation for the existence of TWh(v) and
remove all the possible exceptions except v = 17. This provides an almost complete
solution for the more than 100 year old problem on the existence of triplewhist tournaments
TWh(v). By applying frame constructions [17] and product constructions [5], several
new infinite classes of Z -cyclic triplewhist tournaments are also obtained. For general
information on whist tournaments see the survey paper of Anderson [3]. We use [8] as
our standard reference on design theory.
2. Direct constructions
Lemma 2.1. If v ≡ 0 or 1 (mod 4), v ∈ {5, 9, 12, 13, 17} and v ≤ 133, then there exists a
Z-cyclic TWh(v).
Proof. When v = 4n + 1 is a prime ≥ 29, construction methods can be found in [9].
Solutions can be found in [6] for v = 112, 192 and 232, in [17] for v = 49, 105, 133,
and in [15] for v = 44, 45, 48, 52, 56. Finally for v ∈ {21, 25, 33} or v ≡ 0 mod 4,
v ≤ 40, and v = 12, see [3]. The following table displays a suitable initial round of games
for all the remaining v ≡ 0 or 1 (mod 4), v ≤ 133. Although Z -cyclic solutions for
v = 16, 40, 64, 76, 88, 105, 112 and 124 were provided in [3] or [17], our solutions below
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are different; they do not use frame constructions and do not have more than one game
containing any four players.
v Initial Round Games
16 (0, 12, 14, 4), (8, 10, 11, 5), (6, 7, 2, 13), (1, 9, 3, ∞).
40 (0, 25, 20, 30), (10, 27, 28, 31), (18, 23, 15, 11), (21, 1, 13, 24),
(2, 9, 34, 22), (19, 17, 33, 32), (36, 6, 35, 12), (29, 5, 38, 7),
(4, 37, 26, 8), (3, 16, 14, ∞).
60 (0, 25, 52, 57), (24, 46, 30, 36), (14, 47, 54, 8), (1, 53, 3, 11),
(51, 2, 39, 38), (20, 48, 28, 5), (15, 27, 6, 56), (13, 9, 10, 42),
(45, 26, 7, 50), (22, 43, 17, 58), (44, 55, 31, 33), (21, 4, 49, 29),
(23, 37, 34, 19), (41, 12, 40, 16), (32, 35, 18, ∞).
64 (0, 21, 4, 37), (56, 58, 14, 46), (1, 25, 16, 22), (49, 50, 51, 6),
(2, 53, 40, 26), (57, 13, 18, 59), (20, 3, 54, 31), (28, 44, 36, 62),
(32, 29, 45, 55), (60, 33, 30, 19), (10, 38, 5, 48), (7, 11, 39, 52),
(8, 23, 17, 12), (9, 47, 15, 24), (27, 61, 34, 41), (43, 35, 42, ∞).
68 (0, 47, 31, 66), (17, 63, 33, 4), (12, 65, 37, 3), (42, 57, 2, 20),
(48, 23, 55, 10), (58, 32, 11, 14), (64, 27, 41, 53), (56, 45, 35, 62),
(26, 54, 61, 44), (49, 6, 21, 8), (25, 19, 22, 30), (59, 52, 50, 51),
(60, 9, 36, 13), (38, 40, 16, 7), (34, 29, 46, 15), (18, 28, 24, 43),
(1, 5, 39, ∞).
72 (0, 26, 1, 68), (21, 38, 37, 66), (14, 62, 22, 4), (2, 52, 5, 35),
(10, 42, 19, 47), (32, 8, 63, 60), (53, 55, 23, 11), (65, 3, 69, 9),
(67, 36, 30, 46), (13, 49, 61, 17), (50, 64, 29, 28), (33, 20, 18, 40),
(45, 70, 59, 25), (7, 27, 54, 16), (15, 34, 48, 56), (58, 43, 51, 41),
(24, 31, 12, 6), (39, 44, 57, ∞).
76 (0, 20, 68, 49), (7, 22, 16, 25), (3, 67, 5, 10), (11, 56, 15, 43),
(2, 1, 41, 48), (23, 73, 37, 4), (69, 28, 39, 27), (51, 12, 40, 36),
(45, 18, 35, 61), (59, 21, 9, 62), (31, 74, 52, 55), (19, 17, 71, 50),
(54, 8, 38, 46), (34, 44, 42, 24), (33, 64, 60, 47), (29, 13, 14, 66),
(32, 26, 6, 57), (53, 70, 65, 30), (58, 72, 63, ∞).
80 (0, 72, 17, 77), (66, 67, 6, 15), (30, 16, 41, 10), (43, 38, 61, 5),
(51, 62, 73, 36), (2, 27, 18, 47), (60, 14, 45, 65), (42, 63, 28, 64),
(78, 23, 76, 13), (34, 74, 25, 37), (3, 9, 52, 22), (53, 35, 56, 69),
(57, 4, 21, 11), (20, 12, 49, 8), (70, 19, 29, 31), (50, 33, 26, 58),
(44, 48, 75, 40), (71, 68, 39, 24), (59, 7, 1, 46), (32, 54, 55, ∞).
84 (0, 25, 16, 23), (13, 63, 49, 54), (11, 72, 19, 9), (44, 75, 79, 31),
(12, 55, 35, 73), (58, 60, 65, 26), (18, 21, 80, 17), (4, 71, 5, 41),
(64, 32, 47, 74), (37, 67, 56, 70), (43, 69, 15, 24), (46, 29, 68, 3),
(77, 66, 40, 39), (8, 76, 20, 33), (59, 78, 7, 53), (61, 38, 2, 6),
(50, 42, 45, 57), (81, 27, 48, 14), (36, 30, 22, 1), (28, 52, 34, 62),
(10, 51, 82, ∞).
88 (0, 74, 14, 70), (1, 80, 2, 29), (11, 79, 26, 52), (12, 19, 49, 83),
(41, 30, 43, 61), (3, 36, 15, 66), (6, 51, 53, 62), (63, 33, 4, 59),
(40, 17, 31, 35), (22, 44, 5, 64), (25, 24, 32, 48), (46, 71, 27, 68),
(86, 72, 78, 39), (38, 85, 73, 23), (56, 13, 50, 55), (8, 18, 21, 84),
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(47, 76, 57, 54), (81, 69, 37, 20), (28, 77, 67, 82), (42, 7, 58, 60),
(45, 65, 16, 10), (75, 9, 34, ∞).
92 (0, 80, 33, 48), (28, 9, 41, 51), (22, 73, 68, 89), (5, 61, 59, 90),
(30, 43, 44, 71), (52, 35, 14, 18), (19, 62, 40, 70), (56, 31, 76, 82),
(17, 63, 67, 8), (84, 34, 83, 12), (64, 38, 58, 81), (16, 55, 1, 29),
(27, 45, 74, 79), (11, 13, 6, 3), (49, 15, 53, 46), (54, 32, 47, 23),
(65, 7, 42, 4), (88, 26, 36, 24), (25, 72, 86, 37), (60, 69, 85, 2),
(77, 78, 50, 66), (75, 39, 57, 20), (10, 87, 21, ∞).
96 (0, 75, 29, 32), (52, 66, 79, 87), (11, 54, 16, 64), (51, 73, 4, 17),
(5, 67, 46, 86), (30, 23, 53, 26), (34, 84, 8, 31), (19, 1, 76, 12),
(80, 20, 21, 57), (68, 24, 74, 37), (56, 35, 78, 44), (72, 48, 38, 13),
(89, 40, 22, 91), (6, 85, 94, 93), (65, 77, 49, 81), (50, 39, 90, 25),
(7, 45, 82, 63), (69, 41, 36, 42), (55, 59, 70, 61), (10, 27, 60, 58),
(18, 28, 83, 3), (47, 88, 15, 71), (14, 43, 2, 92), (9, 62, 33, ∞).
100 (0, 59, 13, 51), (52, 17, 53, 81), (24, 57, 50, 96), (25, 97, 83, 15),
(12, 26, 44, 98), (9, 30, 27, 5), (1, 74, 72, 76), (6, 63, 55, 94),
(4, 86, 20, 49), (11, 23, 65, 66), (48, 82, 43, 91), (42, 78, 61, 67),
(18, 92, 40, 3), (60, 69, 89, 22), (36, 85, 21, 62), (56, 71, 80, 75),
(32, 8, 29, 73), (46, 28, 16, 68), (47, 34, 33, 41), (87, 84, 54, 64),
(93, 10, 38, 31), (95, 7, 2, 45), (70, 90, 58, 39), (14, 37, 77, 79),
(88, 19, 35, ∞).
104 (0, 4, 5, 96), (12, 61, 27, 73), (69, 2, 76, 91), (23, 45, 55, 64),
(81, 100, 22, 35), (34, 94, 62, 21), (39, 49, 10, 24), (66, 63, 75, 3),
(33, 6, 79, 29), (19, 36, 88, 72), (60, 30, 25, 51), (44, 95, 47, 89),
(78, 20, 102, 70), (86, 92, 59, 84), (13, 93, 90, 97), (87, 31, 67, 101),
(82, 77, 18, 26), (11, 46, 52, 28), (40, 1, 50, 17), (14, 15, 80, 32),
(42, 71, 98, 58), (85, 48, 83, 8), (74, 53, 16, 54), (99, 7, 38, 56),
(37, 57, 68, 9), (43, 41, 65, ∞).
108 (0, 103, 43, 54), (22, 106, 81, 6), (52, 76, 61, 74), (2, 102, 23, 96),
(34, 92, 57, 29), (45, 36, 42, 44), (25, 89, 50, 90), (47, 37, 51, 9),
(24, 55, 101, 13), (27, 53, 62, 15), (38, 75, 79, 5), (63, 77, 18, 1),
(104, 60, 87, 26), (11, 68, 85, 14), (33, 88, 4, 31), (71, 56, 66, 95),
(49, 8, 65, 30), (91, 32, 105, 83), (21, 3, 73, 70), (82, 94, 58, 19),
(97, 59, 16, 41), (17, 12, 64, 48), (20, 28, 10, 40), (46, 67, 35, 86),
(80, 100, 93, 39), (78, 72, 98, 99), (69, 7, 84, ∞).
112 (0, 98, 34, 43), (32, 71, 81, 106), (20, 66, 44, 102), (3, 109, 13, 87),
(21, 31, 65, 100), (1, 27, 84, 108), (5, 60, 18, 78), (2, 6, 7, 97),
(33, 56, 48, 30), (14, 26, 37, 73), (25, 86, 23, 103), (57, 49, 94, 110),
(35, 41, 24, 53), (16, 46, 96, 52), (11, 22, 89, 92), (93, 107, 47, 69),
(74, 91, 45, 12), (79, 51, 76, 8), (95, 29, 68, 88), (50, 99, 90, 36),
(10, 80, 82, 101), (72, 9, 15, 67), (19, 59, 28, 75), (42, 40, 61, 54),
(83, 4, 17, 55), (85, 58, 77, 62), (105, 63, 104, 70), (39, 38, 64, ∞).
116 (0, 91, 15, 89), (18, 60, 92, 105), (2, 78, 42, 82), (77, 109, 12, 63),
(13, 43, 95, 9), (65, 86, 107, 58), (68, 88, 94, 98), (5, 52, 62, 87),
(3, 85, 11, 26), (6, 111, 67, 102), (35, 37, 79, 84), (40, 59, 54, 16),
(75, 74, 36, 22), (80, 103, 25, 96), (73, 99, 53, 8), (81, 69, 70, 33),
1098 R.J.R. Abel, G. Ge / European Journal of Combinatorics 26 (2005) 1094–1104
v Initial Round Games
(17, 76, 101, 46), (38, 55, 1, 23), (57, 4, 106, 100), (72, 24, 51, 112),
(90, 47, 39, 30), (7, 104, 20, 27), (64, 48, 93, 66), (29, 113, 45, 110),
(19, 71, 14, 83), (34, 31, 28, 56), (41, 49, 108, 50), (32, 21, 10, 44),
(61, 97, 114, ∞).
120 (0, 74, 25, 55), (2, 104, 15, 110), (7, 98, 22, 64), (36, 75, 94, 103),
(67, 99, 71, 72), (68, 35, 18, 56), (27, 93, 51, 3), (49, 116, 109, 90),
(1, 76, 13, 69), (10, 61, 81, 8), (96, 17, 14, 106), (26, 95, 57, 62),
(5, 39, 47, 53), (108, 79, 92, 34), (86, 102, 16, 59), (87, 91, 41, 52),
(29, 31, 84, 63), (80, 43, 44, 54), (82, 105, 30, 114), (19, 33, 115, 50),
(83, 24, 45, 65), (97, 112, 40, 37), (100, 107, 28, 6), (20, 12, 117, 11),
(85, 38, 77, 89), (88, 70, 9, 73), (23, 111, 21, 46), (101, 60, 66, 4),
(58, 32, 78, 42), (118, 48, 113, ∞).
124 (0, 56, 42, 78), (1, 69, 53, 81), (5, 47, 44, 74), (17, 111, 94, 102),
(33, 71, 95, 4), (6, 80, 60, 61), (3, 113, 40, 117), (20, 43, 37, 57),
(7, 70, 72, 83), (21, 66, 45, 63), (121, 51, 16, 59), (67, 2, 107, 9),
(10, 29, 54, 49), (11, 32, 89, 75), (62, 23, 27, 115), (76, 35, 65, 122),
(92, 114, 58, 48), (120, 93, 22, 108), (118, 106, 24, 55), (73, 14, 50, 104),
(109, 85, 77, 26), (30, 64, 98, 105), (19, 90, 68, 52), (31, 28, 41, 103),
(18, 12, 39, 13), (112, 79, 86, 84), (34, 38, 87, 8), (25, 100, 101, 116),
(96, 46, 36, 119), (97, 88, 99, 82), (15, 91, 110, ∞).
128 (0, 21, 102, 107), (1, 52, 22, 86), (89, 113, 95, 110), (2, 91, 53, 61),
(51, 85, 118, 75), (90, 60, 114, 14), (59, 13, 47, 66), (5, 54, 93, 62),
(28, 32, 45, 9), (103, 119, 108, 76), (17, 69, 64, 78), (23, 115, 87, 15),
(122, 72, 57, 35), (96, 48, 111, 67), (37, 82, 11, 80), (6, 24, 55, 116),
(42, 41, 43, 100), (29, 123, 33, 73), (25, 98, 7, 105), (104, 97, 120, 49),
(99, 40, 26, 125), (18, 38, 70, 83), (124, 39, 30, 19), (94, 88, 63, 16),
(101, 126, 44, 27), (46, 58, 10, 36), (117, 50, 56, 121), (109, 112, 77, 68),
(106, 20, 8, 31), (65, 12, 79, 81), (74, 84, 34, 71), (92, 4, 3, ∞).
132 (0, 1, 120, 10), (17, 78, 61, 81), (111, 108, 5, 15), (7, 47, 33, 118),
(121, 76, 30, 77), (101, 67, 58, 82), (28, 50, 87, 128), (18, 66, 53, 124),
(95, 79, 43, 48), (11, 84, 16, 116), (37, 69, 51, 126), (100, 65, 110, 46),
(31, 125, 60, 71), (68, 55, 114, 35), (2, 6, 96, 8), (56, 12, 90, 104),
(129, 72, 20, 113), (89, 98, 97, 74), (25, 52, 9, 59), (3, 54, 83, 102),
(45, 123, 73, 106), (19, 44, 23, 21), (91, 42, 64, 36), (63, 57, 119, 24),
(109, 92, 130, 29), (88, 49, 22, 85), (38, 103, 99, 27), (4, 93, 117, 105),
(94, 39, 32, 86), (13, 75, 80, 62), (115, 122, 14, 40), (41, 70, 127, 112),
(26, 34, 107, ∞).
v Initial Round Games
57 (1, 4, 7, 33), (11, 17, 12, 5), (20, 29, 18, 19), (23, 40, 26, 3),
(42, 46, 34, 21), (39, 51, 9, 47), (55, 14, 37, 45), (50, 35, 28, 48),
(43, 53, 24, 10), (15, 54, 36, 31), (13, 49, 22, 44), (2, 30, 52, 6),
(32, 56, 16, 41), (38, 8, 27, 25).
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65 (1, 6, 24, 63), (33, 43, 38, 31), (12, 27, 8, 64), (14, 10, 54, 7),
(28, 29, 18, 20), (45, 57, 15, 46), (52, 35, 23, 2), (34, 53, 21, 59),
(55, 32, 56, 16), (47, 25, 61, 4), (50, 39, 11, 5), (17, 37, 41, 44),
(48, 13, 30, 58), (60, 36, 22, 51), (9, 42, 26, 40), (49, 62, 3, 19).
69 (1, 4, 7, 45), (23, 29, 24, 59), (13, 22, 11, 12), (5, 3, 65, 25),
(32, 36, 27, 2), (55, 43, 58, 17), (35, 48, 8, 16), (26, 41, 18, 61),
(38, 57, 67, 50), (44, 62, 56, 46), (19, 40, 64, 15), (37, 21, 68, 54),
(6, 51, 10, 33), (20, 47, 39, 34), (42, 49, 28, 60), (31, 9, 52, 63),
(53, 14, 30, 66).
77 (75, 76, 24, 42), (13, 17, 10, 53), (59, 66, 4, 58), (68, 5, 1, 63),
(60, 25, 39, 48), (64, 43, 34, 61), (35, 7, 41, 52), (18, 26, 20, 40),
(47, 22, 14, 2), (72, 74, 32, 8), (46, 9, 33, 36), (71, 30, 19, 45),
(15, 44, 6, 73), (57, 38, 11, 55), (70, 23, 54, 16), (31, 62, 3, 67),
(27, 21, 51, 56), (12, 29, 50, 28), (49, 65, 37, 69).
81 (65, 23, 15, 51), (62, 76, 55, 38), (59, 1, 47, 19), (25, 28, 31, 30),
(16, 22, 20, 64), (49, 58, 41, 48), (54, 56, 63, 34), (8, 12, 78, 53),
(75, 6, 24, 50), (3, 71, 60, 13), (7, 73, 21, 11), (68, 46, 69, 29),
(44, 26, 80, 72), (42, 18, 9, 79), (4, 39, 17, 66), (10, 61, 35, 40),
(14, 74, 43, 27), (45, 2, 77, 57), (33, 52, 36, 67), (32, 5, 37, 70).
85 (63, 47, 74, 38), (64, 21, 12, 53), (78, 5, 33, 31), (20, 40, 70, 6),
(52, 57, 75, 49), (17, 27, 22, 15), (55, 10, 41, 7), (69, 80, 14, 62),
(83, 84, 68, 71), (76, 8, 16, 77), (4, 32, 45, 39), (44, 13, 46, 59),
(34, 56, 35, 60), (26, 58, 2, 79), (82, 73, 51, 37), (24, 9, 43, 66),
(48, 18, 1, 28), (42, 61, 25, 81), (54, 72, 11, 50), (29, 67, 23, 19),
(65, 30, 36, 3).
93 (91, 21, 50, 53), (8, 19, 12, 57), (40, 72, 83, 6), (41, 62, 65, 26),
(82, 64, 2, 22), (61, 59, 67, 73), (1, 86, 16, 66), (9, 68, 11, 76),
(17, 48, 75, 39), (81, 7, 5, 71), (55, 84, 80, 56), (46, 63, 43, 3),
(69, 34, 20, 87), (37, 27, 14, 58), (90, 77, 42, 51), (38, 24, 49, 54),
(13, 28, 60, 18), (89, 33, 70, 15), (47, 25, 31, 30), (74, 44, 35, 23),
(88, 92, 29, 36), (4, 45, 85, 52), (78, 10, 79, 32).
105 (8, 77, 75, 80), (32, 30, 43, 74), (78, 53, 88, 69), (33, 48, 38, 61),
(19, 35, 95, 7), (20, 12, 50, 94), (9, 29, 51, 89), (11, 54, 28, 58),
(14, 71, 23, 70), (10, 45, 41, 91), (27, 87, 82, 16), (17, 63, 81, 49),
(42, 36, 22, 76), (99, 4, 1, 72), (92, 68, 104, 86), (56, 15, 103, 96),
(40, 31, 97, 93), (83, 5, 34, 37), (26, 59, 79, 67), (21, 100, 101, 64),
(3, 2, 57, 85), (65, 44, 98, 46), (24, 13, 102, 39), (47, 18, 62, 84),
(90, 25, 55, 6), (66, 52, 60, 73).
117 (72, 78, 77, 80), (83, 25, 101, 2), (112, 57, 81, 90), (105, 30, 109, 31),
(94, 51, 4, 88), (56, 79, 17, 24), (115, 44, 18, 85), (21, 46, 110, 96),
(82, 6, 19, 48), (75, 5, 99, 50), (74, 43, 104, 53), (11, 100, 84, 97),
(33, 14, 7, 61), (86, 9, 107, 34), (114, 113, 29, 65), (54, 66, 111, 58),
(62, 38, 3, 60), (8, 95, 106, 108), (92, 102, 39, 23), (40, 35, 47, 20),
(91, 76, 26, 64), (42, 87, 28, 93), (59, 63, 68, 103), (32, 12, 49, 41),
(71, 15, 55, 89), (27, 1, 16, 37), (116, 10, 67, 45), (52, 69, 98, 13),
(36, 73, 70, 22).
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125 (47, 25, 63, 19), (22, 80, 62, 100), (12, 89, 1, 5), (119, 50, 104, 98),
(2, 96, 7, 72), (55, 106, 58, 42), (39, 44, 52, 6), (88, 111, 121, 102),
(17, 66, 54, 74), (31, 86, 120, 16), (40, 97, 57, 116), (30, 103, 76, 93),
(69, 36, 35, 34), (10, 82, 77, 112), (68, 60, 90, 87), (94, 51, 101, 65),
(95, 9, 70, 99), (32, 41, 113, 29), (61, 124, 108, 81), (73, 105, 11, 48),
(4, 84, 43, 13), (49, 75, 114, 23), (14, 56, 107, 122), (46, 64, 18, 115),
(83, 59, 27, 38), (37, 91, 8, 15), (110, 85, 79, 67), (123, 45, 21, 71),
(92, 78, 20, 33), (28, 26, 24, 109), (117, 53, 118, 3).
129 (45, 65, 92, 98), (50, 125, 81, 99), (60, 123, 66, 32), (74, 10, 83, 109),
(43, 62, 11, 38), (57, 97, 106, 51), (61, 2, 73, 6), (34, 112, 93, 3),
(28, 4, 71, 76), (53, 122, 1, 16), (17, 20, 44, 128), (111, 94, 114, 29),
(25, 9, 47, 85), (108, 27, 41, 87), (107, 117, 49, 7), (18, 115, 72, 22),
(26, 24, 13, 42), (15, 46, 56, 127), (79, 126, 96, 121), (48, 120, 37, 70),
(36, 40, 52, 75), (88, 8, 33, 86), (69, 58, 35, 103), (19, 113, 63, 84),
(54, 95, 55, 67), (23, 124, 31, 68), (14, 21, 118, 110), (89, 119, 104, 82),
(12, 64, 5, 78), (30, 39, 91, 105), (90, 77, 80, 116), (101, 100, 59, 102).
The proof is completed. 
3. A recursive construction for v = 153
In the previous section we found Z -cyclic solutions for all the unknown TWh(v)’s with
v > 17 except v = 153. This last value was too large for us to obtain Z -cyclically by
computer, but fortunately, a recursive construction is still available. Here we require two
constructions which are given in [19]. The first of these applies Wilson’s fundamental
construction for GDDs [21] to TWh-frames:
Suppose S is a set of players and H = {S1, S2, . . . , Sn} is a collection of subsets which
form a partition of S. Let si = |Si | and v = |S|. Suppose v − si ≡ 0 (mod 4) for any
i, 1 ≤ i ≤ n. A holey round with hole Si is a set of games (a, b, c, d) which partition the
set S−Si . A triplewhist tournament frame (briefly TWh-frame) of type (s1, s2, . . . , sn) is a
schedule of games (a, b, c, d), where the unordered pairs {a, c}, {b, d} are called partners,
the pairs {a, b}, {c, d} opponents of the first kind, and the pairs {a, d}, {b, c} opponents of
the second kind, such that
1. the games are arranged into holey rounds, there are si holey rounds with hole Si each
containing (v − si )/4 games;
2. each player in hole Si plays in exactly one game in all but si holey rounds;
3. each player partners with every other player in distinct holes exactly once;
4. each player has every other player in distinct holes as an opponent of the first kind
exactly once, and that of the second kind exactly once.
We shall use an “exponential” notation to describe types: so type tu11 . . . t
um
m denotes ui
occurrences of ti , 1 ≤ i ≤ m, in the multiset {s1, s2, . . . , sn}. If s1 = · · · = sn = s, we
say that the TWh-frame has a uniform type sn and we denote it by TWh-frame(sn). For
v ≡ 1 (mod 4), a TWh-frame of type 1v is just a triplewhist tournament of order v.
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Construction 3.1. Suppose (X,G,B) is a GDD and let w be a mapping from X to
Z+ ∪ {0}. Suppose also there exists a TWh-frame of type (w(x) : x ∈ B) for all B ∈ B.
Then there exists a TWh-frame of type (∑x∈G w(x) : G ∈ G).
Construction 3.2. If there exists a TWh-frame of type (t1, t2, . . . , tn) and a TWh(t + 1)
for all t ∈ {t1, t2, . . . , tn}, then there exists a TWh(v) for v = 1 + (∑i=ni=1 ti ).
Lemma 3.3. There exists a TWh(153).
Proof. In the 57 point design PG(2, 7), delete the 21 points on three lines l1, l2, l3 which
do not all intersect at the same point. This gives a (36, {5, 6}, 1) PBD. Now consider three
collinear deleted points A, B , C with the property that exactly one of them lies on each
of l1, l2, l3; adding them all back gives a (39, {5, 6, 7, 8}, 1) PBD, while adding two of
them back and using the lines containing the other as groups gives a ({5, 6, 7}, 1) GDD
of type 716155. Since triplewhist frames of type 4n exist for n = 5, 6, 7 [19], we can
apply Construction 3.1, inflating this GDD by 4 to obtain a triplewhist frame of type
281241205. Since a TWh(v) exists for all v ∈ {21, 25, 29}, we can now apply the fill
in Construction 3.2 to obtain a TWh(153). 
Now, we are in a position to state our main result.
Theorem 3.4. The necessary conditions for the existence of a TWh(v), namely v ≡ 0 or
1 (mod 4), are sufficient except for v = 5, 9, 12, 13 and possibly for v = 17.
Proof. Combining Theorem 1.1, Lemmas 2.1 and 3.3, the conclusion then follows. 
4. Difference matrices
Let G be an Abelian group of order v. A difference matrix based on G, denoted
(v, k; 1)-DM, is a k × v matrix A = [ai j ], ai j in G, such that for r = s the differences
ar j − asj , 1 ≤ j ≤ v, comprise all the elements of G. If G = Zv , the difference matrix
is called cyclic and denoted by (v, k; 1)-CDM. If the elements of each row comprise all
the elements of Zv , we speak of a homogeneous (v, k; 1)-CDM. It is easy to see that the
existence of a (v, k + 1; 1)-DM is equivalent to that of a homogeneous (v, k; 1)-DM. If a
(v, k +1; 1)-DM A exists, then adding −a1 j to column j for all j produces a (v, k +1; 1)-
DM whose first row consists entirely of zeros; the other rows then form a homogeneous
(v, k; 1)-DM. Similarly adding a row of zeros to a homogeneous (v, k; 1)-DM gives a
(v, k + 1; 1)-DM.
We are interested in homogeneous (v, 4; 1)-CDMs, since these are helpful for
constructing Z -cyclic TWh(v)’s. Such CDMs are known to exist for any v relatively prime
to 6; in the next lemma we give some examples where v is odd and divisible by 3.
Lemma 4.1. 1. There exists a (v, 5; 1)-CDM or homogeneous (v, 4; 1)-CDM for v = 27.
2. There exists a (v, 6; 1)-CDM or homogeneous (v, 5; 1)-CDM for v ∈ {33, 39, 51}.
Proof. For v = 27, for each column [ a b c d ]T in the matrix A below, form two
columns: [ a b c d ]T, [ b a d c ]T; then append a column of zeros. The resulting 27
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18 24 8 9 5 25 16 7 21 12 17 2 20
19 26 11 13 10 4 23 15 3 22 1 14 6
2 1 26 17 8 11 22 16 20 9 7 23 18
4 21 3 14 24 19 12 25 5 15 6 10 13

 .
For v = 33, let A1 and A2 be the matrices below; define an automorphism T1 on the
columns of A1 by T1((a, b, c, d, e, f )) = (4e, 4a, 4b, 4c, 4d, 4 f )T. Now apply the group
of order 5 generated by T1 to the columns of A1, and append the columns of A2. This gives




0 0 0 0 0 0
15 11 22 4 17 8
19 7 14 32 22 18
22 19 8 24 21 6
9 12 15 7 26 14















For v = 39, let A1 and A2 be the matrices below; define two automorphisms T1, T2
on the columns of A1, A2 by T1((a, b, c, d, e, f )) = (16c, 16a, 16b, 16 f , 16d, 16e)T and
T2((a, b, c, d, e, f )T) = (−a,−b,−c,−d,−e,− f )T. We now apply the group of order
6 generated by T1, T2 to the columns of A1 and the group of order 2 generated by T2 to the




0 0 0 0 0 0
4 23 13 5 12 11
25 11 22 34 23 6
13 4 20 17 15 29
27 21 8 16 19 26















Finally for v = 51, let A be the matrix below; cyclically permute the columns of [A|−A]





5 33 29 30 1
8 3 47 10 13
14 27 6 12 28
9 16 44 49 11




It is known that if v = 4n + 1, then the existence of a Z -cyclic directed whist or
triplewhist design of order v implies the existence of a homogeneous (v, 4; 1)-CDM.
In the previous section, it was noted that Z -cyclic TWh(v) exists for v ≡ 1 (mod 4),
21 ≤ v ≤ 129, while in [1] it is noted that the existence of a (v, 5, 1) difference
family implies the existence of a directed Wh(v), and (v, 5, 1) difference families exist
for v ≡ 1 (mod 20), v < 1000 and v ∈ {321, 501, 621, 681, 801, 901}. Also the product
construction works for 621 = 23 · 27. We can therefore improve the result in [15] for the
existence of cyclic homogeneous (v, 4; 1) difference matrices: 
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Theorem 4.2. A cyclic homogeneous (v, 4, 1) difference matrix exists for any integer v,
satisfying any of the following four conditions: (1) gcd(v, 6) = 1, (2) v ∈ {15, 27,
39, 51}, (3) v ≡ 1 (mod 4)12, 21 ≤ v ≤ 129, (4) v < 1000, v ≡ 21 mod 60, v ∈
{321, 501, 681, 801}.
5. More Z-cyclic TWhs
The existence problem for TWh(v) is almost completely solved in Sections 2 and 3.
However, the existence problem for Z -cyclic TWh(v)’s is far from complete despite the
effort of many authors, for example, Anderson and Finizio [4], Anderson, Finizio and
Leonard [5], Buratti [9,10], Finizio [11,12], Finizio and Merritt [13,14], Liaw [18], Ge and
Zhu [17], Ge and Lam [15] and Ge and Ling [16]. The following result is known.
Theorem 5.1 ([17,15,16]). Let T = P ∪ Q ∪ {21, 77, 81, 133, 161, 301, 341, 581, 721,
781, 1141}, where P consists of all primes congruent to 1 (mod 4) and Q consists of all
prime powers q2 such that 3 < q < 500 and q is a prime ≡ 3 (mod 4).
1. There exists a Z-cyclic TWh(v) whenever v is a product of integers from the set T ∗,
where T ∗ contains 21, 25, 33, 45, 133, 72, 112, 192, 232 and all primes ≡ 1 (mod 4) >
17.
2. If v does contain 21, 33 or 45 as a factor, then v can contain any integer from T as its
factor too.
3. If there exists a Z-cyclic TWh(v) constructed as above, then there is also a Z-cyclic
TWh(qv + 1) for any q ∈ {7, 15, 19, 23, 31, 35, 39, 43, 47, 51, 55}.
We also have the following new direct constructions from [2]:
Theorem 5.2. If p = 13, or p ≡ 3 (mod 4) is a prime between 30 and 84, then there exists
a Z-cyclic TWh(p2). Also a homogeneous (q, 4; 1)-CDM exists for q ∈ {63, 75, 99, 123}.
Theorem 5.3. There exists a Z-cyclic TWh(v) whenever v is a product of integers from the
set T ∗∗, where T ∗∗ contains 21, 25, 33, 45, 57, 65, 69, 77, 85, 93, 117, 129, 133, 132, plus
all values of the form p2 with p a prime ≡ 3 (mod 4) between 6 and 84, and all primes
≡ 1 (mod 4) > 17. If v does contain 21, 33, 45, 57, 69, 81, 93, 117 or 129 as a factor,
then v can contain any integer from T (the same set as in Theorem 5.1) as its factor too.
If there exists a Z-cyclic TWh(v) constructed as above, then there is also a Z-cyclic
TWh(qv + 1) for any q ∈ {7, 15, 19, 23, 27, 31, 35, 39, 43, 47, 51, 55, 59, 63, 67, 71,
75, 79, 83, 91, 95, 99, 103, 107, 115, 119, 123, 127, 131}.
We do not give the proof of this theorem, since it is essentially the same as that of
Theorem 5.1 (or equivalently, Theorem 3.7 in [15]). The only difference is that we have
more input Z-cyclic TWh(v) and homogeneous (q, 4; 1)-CDMs available.
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